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Abstract
An ideal point is a limit of conjugacy classes of representations of the fundamental group Γ of
a 3-manifold into SL2(C). Culler and Shalen (1983) studied ideal points by using trees. In this
paper we give a method to construct ideal points by making the trees concretely for knot groups
Γ . We explain the method by illustrating it for simple three knots. Ó 1999 Elsevier Science B.V.
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The notion of ideal points was introduced by Culler and Shalen in [5]. The definition
of ideal points is as follows. For the fundamental group Γ of a 3-manifold, we put R to
be the set of representations of Γ into SL2(C), and X the set of conjugacy classes of such
representations. They are algebraic sets over C, see [5]. In this paper, we assume that
X is one-dimensional. 2 In this case, X becomes a punctured Riemann surface, obtained
from a closed Riemann surface X by removing finitely many points. An ideal point is
one of the removed points, i.e., one of the points X − X . Namely, an ideal point is a
limit of conjugacy classes of irreducible representations. Though an ideal point is a point
of X , we often call it an ideal point of Γ briefly.
I This research is supported in part by Grand-in-Aid for Scientific Research on Priority Area 231 “Infinite
Analysis”, The Ministry of Education, Science, Sports and Culture.
1 E-mail: tomotada@is.titech.ac.jp.
2 This assumption often holds, see Section 2.4 of [1]. We will show that each of the knot groups Γ discussed
in this paper satisfies the assumption, see Remark 1.2.
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In [5], Culler and Shalen used ideal points in order to find incompressible surfaces in
the 3-manifold. From an ideal point they constructed a tree on which the fundamental
group Γ acts, and they made a splitting of Γ using the tree. An incompressible surface
appears along the splitting. Using the tree, we can also obtain valuable informations
about the fundamental group Γ , in particular knot group Γ , see [3].
In the above procedure the tree is constructed by a somewhat abstract method, and
it is not easy to see a concrete shape of the tree for a given group Γ . Our aim in this
paper is to give a concrete method of constructing the trees for knot groups. By this
method we can determine the concrete shapes of the trees, and we can identify ideal
points of a given group Γ with the shapes. Using the concrete shapes of the trees, we
can obtain more precise information about Γ , such as a function ΦK (see Appendix D
for its definition), from which property P follows; recall that a knot K has property P if
simply connected 3-manifold cannot be obtained by any nontrivial Dehn surgery along
K. Another aim of this paper is to determine the function ΦK exactly, for each knot
discussed in this paper.
In Sections 1–3 we see how to construct trees with concrete examples of knots for
ideal points having a certain property. In Section 4 we show a lemma which guarantees
that there are no ideal points which do not have the property. In Section 5 we give shapes
of trees for other examples of knots.
Notations. Let Γ be the fundamental group of S3 −K for a knot K. We denote by m
and l meridian and longitude of K in Γ .
Let R be the set of irreducible representations of Γ to SL2(C), X the set of conjugacy
classes of such representations.
We denote by MX Mo¨bius transformation of X ∈ SL2(C) on C ∪ {∞}, see Ap-
pendix B for a precise definition.
For an indeterminate ε, we denote by C[[ε]] and C((ε)) the formal power series ring
and formal power series field in ε with complex coefficients. For x, y ∈ C[[ε]] we use the
notation x− y ∈ O(εn) if x− y is equal to zεn with some z ∈ C[[ε]], and the notation
x− y ∈ o(εn) if x− y is equal to zεm with some z ∈ C[[ε]] and m > n.
1. The ideal point of the trefoil knot group
In this section, we show that the trefoil knot group Γ has exactly one ideal point, by
calculating concrete representations of Γ . We also see that the tree given in this section
is available for studying ideal points in the following sections.
1.1. Ideal point
We take generators of the trefoil knot group as shown in Fig. 1. Then, the trefoil knot
group Γ = pi1(S3 −K) is expressed as
Γ = 〈a, b, c | c = bab−1, a = cbc−1, b = aca−1〉,
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Fig. 1. Generators of the trefoil knot group.
where we multiply elements of a fundamental group from right to left. Though one of the
three relations is dependent on the other two relations, we use all of the three relations
here, because we can remove more relations below if we preserve all the three relations
now.
We consider representations ρ :Γ → SL2(C). They are parameterized by a triple
(A,B,C) = (ρ(a), ρ(b), ρ(c)) which are subject to the following three relations:
C =BAB−1, (1.1)
A=CBC−1, (1.2)
B =ACA−1. (1.3)
Since A, B and C are conjugate to each other, they have the same eigenvalues. We
denote them by λ and λ−1.
Since we have no ideal point of the trefoil knot group at which |trace ρ(meridian)| does
not diverge (we will prove this fact in Section 4, see Lemma 4.1), the value |λ + λ−1|
diverges at each ideal point of the trefoil knot group if any ideal point existed. Hence,
when we seek an ideal point for the trefoil knot group, it is sufficient to consider the
case of large λ, and we can assume the inequality |λ| > 1. Then, each of Mo¨bius
transformationsMA, MB and MC has two fixed points in C ∪ {∞}. We denote them
by a±, b± and c± corresponding to the eigenvalues λ±1, see also Appendix B for these
notations.
The Eqs. (1.1)–(1.3) are equivalent to the following formulas, by Lemma C.1
(a± − b−)(c± − b+) = λ−2(a± − b+)(c± − b−), (1.4)
(b± − c−)(a± − c+) = λ−2(b± − c+)(a± − c−), (1.5)
(c± − a−)(b± − a+) = λ−2(c± − a+)(b± − a−). (1.6)
We will seek solutions of (1.4)–(1.6) in C[[ε]] putting ε = λ−2. Note that these equations
are invariant under Mo¨bius transformations on the set of a±, b± and c±. Hence, the
set of the solutions is a union of orbits of Mo¨bius transformations of SL2(C) on the
sets of the six points. We take a representative element in the orbit by putting a+ = 0,
b+ = 1 and c+ = −1; note that Mo¨bius transformations take any three points to arbitrary
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positions, and that we can fix a Mo¨bius transformation by the image of three points. (Note
also that fixing three points a+, b+ and c+ implies taking a section of the projection
R → X . Hence we will obtain a family of representations below, which is a section
of the projection around an ideal point.) Then by (1.4)+ (the subscript + means the
subscript in the formula (1.4)) we have
a− = −1− ε1 + ε = −1 + 2ε− 2ε
2 + · · · .
Similarly by (1.5)+ and (1.6)+ we have
b− =
ε
2− ε =
1
2ε+
1
4ε
2 + 18ε
3 + · · · ,
c− =
1
1− 2ε = 1 + 2ε+ 4ε
2 + · · · .
It is easily checked that these solutions satisfy (1.4)−, (1.5)− and (1.6)−. Since A, B
and C recover from a±, b± and c± by (B.1), we obtain a solution of (1.1)–(1.3) for each
λ as power series in an indeterminate ε. In this case, we can also regard the solution as
a rational function of a small complex variable ε (= λ−2). Hence, we obtain a family of
representations of Γ into SL2(C) parameterized by a small variable λ−1 ∈ U −{0} such
that | trace ρ(m)| = |λ+ λ−1| diverge at λ−1 → 0, where U is a small neighborhood of
0 in C. Therefore, we can regard U − {0} as a coordinate of X around an ideal point.
Summarizing the above calculations, we have the following theorem.
Theorem 1.1. The trefoil knot group has exactly one ideal point.
Remark 1.2. The fact that dimC X = 1 around all limits of representations implies that
X is one-dimensional everywhere. Hence we can conclude that dimC X = 1 for the
trefoil knot group. This argument is also available for other knots discussed in this paper.
1.2. Tree
Around the ideal point we obtained the following data in Section 1.1:
a+ = 0, a− = −1 + 2ε− 2ε2 + · · · ,
b+ = 1, b− = 12ε+
1
4ε
2 + 18ε
3 + · · · ,
c+ = −1, c− = 1 + 2ε+ 4ε2 + · · · .
We consider a tree, in which we will put the data a±, b± and c± as ends of the tree.
Definition 1.3. For a given indeterminate ε, we define the tree Tε by the following four
requirements. We call the tree Tε Serre’s tree.
(1) Tε has a special vertex O; we call it the origin.
(2) We call an infinitely long path from the origin an end. The set of the ends of Tε
is identified with the set C((ε)) ∪ {∞} to which we give the discrete topology.
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Fig. 2. A part of Serre’s tree. Fig. 3. The six ends in Serre’s tree.
(3) The part of Tε from the origin to the set of ends C[[ε]] is identified with the series
{O} ← C[ε]/(ε)← C[ε]/(ε2)← C[ε]/(ε3)← · · · ← C[[ε]],
where the maps are the natural projections. Here, we identify the set of vertices
from the origin apart by length n with the set C[ε]/(εn); it is the polynomial
ring consisting of polynomials of at most degree n− 1. Further, two vertices are
connected by an edge if one of the maps takes one of the two vertices to the other.
(4) The part of Tε from the origin to the set of endsC((ε))∪{∞}−C[[ε]] is homeomor-
phic to a subset of the above part given in (3) by the map C((ε))∪{∞}−C[[ε]]→
C[[ε]] which takes x to x−1.
We show a part of Serre’s tree Tε in Fig. 2. We let the distance of two vertices be the
number of edges between them.
Remark 1.4. Definition 1.3 is an alternative definition of Serre’s tree in [8]. We review
the original definition of Serre’s tree in Appendix E, where we also show the equivalence
between the original definition and our definition.
We put the data a±, b± and c± given in the beginning of this subsection in Serre’s
tree. Then, we obtain the tree shown in Fig. 3.
1.3. Action of Mo¨bius transformations on Serre’s tree
In this subsection, we give a method to obtain the tree in Fig. 3 directly, without using
concrete calculations of representations in Section 1.1.
Applying Lemma C.1 to (1.1)–(1.3), we have
MB(a±) = c±, MC(b±) = a±, MA(c±) = b±.
These relations restrict possible mutual positions of the ends in Serre’s tree according to
the following lemma.
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Fig. 4. The mutual position of y, z and x±. The two vertices in this picture are apart by length 1.
Lemma 1.5. Suppose that X ∈ SL2(C((ε1/2))) has two eigenvalues ε±1/2, and the
corresponding fixed points x∓ of Mo¨bius transformation MX belong to C((ε)) ∪ {∞},
and MX(y) = z holds for y, z ∈ C((ε)) ∪ {∞}. Then, the mutual position of y, z and
x± are as shown in Fig. 4.
Proof. If the origin O is located on the point apart by length n from the right vertex
toward to x+, then we have
z − x+ ∈ O(ε0), /∈ o(ε0),
z − x− ∈ O(εn), /∈ o(εn).
By Lemma C.1 we have
(y − x−)(z − x+) = ε(y − x+)(z − x−).
Hence the following formulas hold:
y − x+ ∈ O(ε0), /∈ o(ε0),
y − x− ∈ O(εn+1), /∈ o(εn+1).
Therefore the end y must be located as shown in Fig. 4.
If the origin O is located in the other places, we can show this lemma in the same
way. 2
Hence, it is required that the six ends a±, b± and c± should be located satisfying
the mutual positions depicted in Fig. 5. Note that we obtain these mutual positions
directly from the defining relations of the knot group Γ , not using concrete calculations
of representations.
Lemma 1.6. If the six ends a±, b± and c± satisfy the local mutual positions depicted
in Fig. 5, then the total mutual position of the six ends must be as shown in Fig. 3.
Proof is done by elementary trial and error; so it is left to the reader.
In general, it is not easy to determine an exact formula of each ends as a formal power
series, unlike the case of the trefoil knot group. However we can often determine the
total mutual positions of all ends as Lemma 1.6, using local mutual positions of four
ends derived from relations of the knot group by Lemma 1.5. This is a main idea in this
paper, to determine ideal points of a knot group.
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Fig. 5. Local mutual positions of the six ends.
1.4. Action of the trefoil knot group on Serre’s tree
In this subsection, we consider group action on Serre’s tree, see also [4] for such
actions. By using this action, we obtain the function ΦK for the trefoil knot K, see
Appendix D for the definition of ΦK .
As in Section 1.1, a+ and a− belong to C((ε)). Since A has two eigenvalues ε±1/2,
the matrix ε1/2A belongs to SL2(C((ε))) by (B.1). Hence, Mo¨bius transformation MA
acts on C((ε)) ∪ {∞}; recall that C((ε)) ∪ {∞} is identified with the set of the ends of
Serre’s tree Tε. By elementary calculations, it is shown that the action of SL2(C((ε)))
on the set of the ends of Tε extends to the action on the whole of Tε. Hence, we have
an action of MA in the tree Tε. In the same way we have the action of MB and MC
on Tε.
Therefore, by Mo¨bius transformation, we have an action of the trefoil group Γ on
Serre’s tree Tε such that the actions of a, b and c in Γ have fixed ends a±, b± and
c± in Tε, respectively. Moreover, by Lemma 1.5, each of the actions is a translation
along the line between the two fixed ends, and the translation sends each point on the
line by length 1. Hence we can see that acbacb ∈ Γ takes the origin O to itself by
chasing the origin in the tree in Fig. 3. We have acbacb = m6l, where m and l denotes
meridian and longitude, respectively. Hence, m6l has a fixed point, and we have the
formula φK,ξ(6, 1) = 0, by Lemma 4.5, for the ideal point ξ corresponding to the tree in
Fig. 3, see Appendix D for the notation φK,ξ . Moreover we have φK,ξ(1, 0) = 1 since
trace ρ(m) = λ+λ−1 and representations near the ideal point are parameterized by λ−1.
Hence we have φK,ξ(p, q) = |p − 6q| by Lemma D.1. By Theorem 1.1 and Eq. (D.1),
we have the following theorem.
Theorem 1.7. For the trefoil knot K, the function ΦK is given by ΦK(p, q) = |p− 6q|.
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By Proposition 5.3, we have
Corollary 1.8. The trefoil knot has property P.
2. The ideal points of the figure eight knot group
In this section, we give the ideal points of the figure eight knot group Γ . Unlike the
case of the trefoil knot group, we do not have concrete solutions of the relations (2.1)
below. However, we can show the existence of the ideal points, by determining concrete
shapes of the trees corresponding to the ideal points.
2.1. Trees
We take generators of the figure eight knot group Γ as shown in Fig. 6.
Consider representations ρ :Γ → SL2(C), and put A = ρ(a), B = ρ(b), C = ρ(c) and
D = ρ(d). Then, representations are parameterized by (A,B,C,D) which are subject to
the following relations;
A = CBC−1, C = DBD−1, C = ADA−1, A = BDB−1. (2.1)
Since we have no ideal point at which | trace ρ(m)| diverges by Lemma 4.2, the value
| trace ρ(m)| diverges at each ideal point of the figure eight knot group, if any ideal point
existed. Hence, when we seek for ideal points of the figure eight knot group, we can
assume |λ| > 1 where λ±1 are the eigenvalues of ρ(m), i.e., the common eigenvalues
of A, B, C and D. Then, the matrix A has two eigenvectors
(
a±
1
)
corresponding to
eigenvalues λ±1; note that a± are the fixed points of Mo¨bius transformation MA on
C ∪ {∞}. With respect to B, C and D we define b±, c± and d± similarly. As in
Appendix B, Mo¨bius transformations of A, B, C and D take them as follows:
MC(b±) = a±, MD(b±) = c±, MA(d±) = c±, MB(d±) = a±.
By Lemma 1.5 we obtain mutual positions of a±, b±, c± and d± as shown in Fig. 7.
Fig. 6. Generators of the figure eight knot group.
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Fig. 7. Local mutual positions of the eight ends.
Since the following lemma is proved by elementary combinatorics, it is left to the
reader.
Lemma 2.1. The possible total mutual positions satisfying the local mutual positions
shown in Fig. 7 are as shown in Fig. 8.
2.2. Ideal points
We will show that there really exists an ideal point which realizes the first tree in
Fig. 8. Since Mo¨bius transformations transfer any three points to arbitrary positions, we
put a+ = 0, b+ = −1 and d+ = 1. In this case, the origin of Serre’s tree is located on
the central vertex in the first tree in Fig. 8. Hence we can put
b+ − d− = εx
with some x = x0 +x1ε+ · · · ∈ C[[ε]], x0 6= 0. Similarly we define y, z, u, v ∈ C[[ε]] by
b+ − a− = ε2y,
c+ − a+ = εz,
b− − d+ = εu,
c− − d+ = ε2v,
see also Fig. 10 for a reason why we choose these variables.
By applying Lemma C.1 to Eq. (2.1), we have
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Fig. 8. The total mutual positions of the eight ends satisfying the local mutual positions in Fig. 7.
(b± − c−)(a± − c+) = ε(b± − c+)(a± − c−), (2.2)
(b± − d−)(c± − d+) = ε(b± − d+)(c± − d−), (2.3)
(d± − a−)(c± − a+) = ε(d± − a+)(c± − a−), (2.4)
(d± − b−)(a± − b+) = ε(d± − b+)(a± − b−), (2.5)
note that we put ε = λ−2, where λ is the larger eigenvalue of ρ(m). Substituting x, y,
z, u and v to the above formulas, we obtain the following formulas.
(2 + ε2v)z = (1 + εz)(1 + ε2v), (2.6)
(u− εv)(1 + εz + ε2y) = (1 + εu− εz)(2 + ε2v + ε2y), (2.7)
x(1− εz) = 2(1 + εx+ εz), (2.8)
(2 + εu+ εx)v = u(2 + εx+ ε2v), (2.9)
(2 + ε2y)z = 1 + εz + ε2y, (2.10)
(x− εy)(1 + ε2v) = (1 + εx)(2 + ε2v + ε2y), (2.11)
u = 2(1 + εu), (2.12)
(2 + εu+ εx)y = x(2 + εu+ ε2y). (2.13)
In the case of the trefoil knot group we could omit three relations when we seek for
solutions of (1.4)–(1.6), because certain three relations are dependent on the others. Here
we can also omit the three relations (2.6), (2.7) and (2.11). In Section 2.4 we show the
reason why certain three relations are dependent on the others in general.
By putting the differences of both sides of the remaining five relations to be
f1, f2, . . . , f5, we have
f1 = x− 2− ε(xz − 2x− 2z) = 0, (2.14)
f2 = 2v − 2u+ ε(uv + xv − xu)− ε2uv = 0, (2.15)
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f3 = 2z − 1− εz + ε2(yz − y) = 0, (2.16)
f4 = u− 2− 2εu = 0, (2.17)
f5 = 2y − 2x+ ε(yu+ xy − xu)− ε2xy = 0. (2.18)
When we put ε = 0, we have a solution (x, y, z, u, v) = (2, 2, 12 , 2, 2). Moreover, we
have Jacobian matrix of the functions f1, f2, . . . , f5 at (x, y, z, u, v, ε) = (2, 2, 12 , 2, 2, 0)
as:
(
∂fi
∂x
∂fi
∂y
∂fi
∂z
∂fi
∂u
∂fi
∂v
)
=

1 0 0 0 0
0 0 0 −2 2
0 0 2 0 0
0 0 0 1 0
−2 2 0 0 0
 (2.19)
and its determinant is −8. Hence, we have a unique set of solutions x, y, z, u, v ∈ C[[ε]]
and each power series converges by the implicit function theorem; we review such
calculations in Appendix A. By these solutions, we have a family of solutions of the
relations (2.2)–(2.5), from which we recover a family of representations of Γ by (B.1).
Therefore we showed that there exists exactly one ideal point which realizes the first tree
in Fig. 8.
Moreover, as in Section 1.4, we obtain the equation φK,ξ(−4, 1) = 0 for the ideal
point ξ corresponding to the first tree in Fig. 8, because
d−1b−1a−1cb−1d−1c−1a = m−4l
takes the origin O to itself. Since we also have φK,ξ(1, 0) = 1, we obtain φK,ξ(p, q) =
|p+ 4q|.
By the same procedure as above we can show that there also exists another ideal point
which realizes the second tree in Fig. 8 and that the formula φK,ξ(p, q) = |p− 4q| holds
for this ideal point ξ.
Summarizing results obtained in this section, we have the following theorem.
Theorem 2.2. The figure eight knot group has exactly two ideal points and we have
ΦK(p, q) = |p− 4q|+ |p+ 4q|
for the figure eight knot K.
By Proposition 5.3, we have
Corollary 2.3. The figure eight knot has property P.
2.3. Reduction to calculations of angles
The calculation to show the existence of an ideal point for the first tree in Fig. 8 in
the previous subsection is somehow redundant. In fact we did not use higher terms of ε
in the formulas (2.6)–(2.13), when we calculated the Jacobian matrix (2.19), only which
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we need in order to show the existence of the ideal point. In this subsection, we give a
simpler method to get Jacobian matrix (2.19).
Instead of getting formulas (2.6)–(2.13), for our purpose it is sufficient to obtain the
formulas up to higher terms of ε as follows;
2z = 1 + O(ε), (2.20)
u = 2 + O(ε), (2.21)
x = 2 + O(ε), (2.22)
v = u+ O(ε), (2.23)
2z = 1 + O(ε), (2.24)
x = 2 + O(ε), (2.25)
u = 2 + O(ε), (2.26)
y = x+ O(ε). (2.27)
We show that we can obtain these formulas directly from the first tree in Fig. 8, not
using the formulas (2.6)–(2.13).
In order to obtain the formulas (2.20)–(2.27), we review how we apply Lemma C.1
to the fundamental mutual position in Fig. 4. There are two cases as shown in Fig. 9,
depending on the place of the origin, when we consider the relation MX(y) = z under
the notation of Lemma 1.5. In Fig. 9, the marking in an angle means the difference of
two ends; for example, we define p and s in C[[ε]] by x− − y = p and z − x+ = sε,
respectively for the first tree, and we define u by y − x+ = uεn for the second tree,
where n is the distance between the origin and the middle vertex in the second tree. By
Lemma C.1, we have
(y − x−)(z − x+) = ε(y − x+)(z − x−).
Substituting p, q, r, s, u and v to the formula, we have
Lemma 2.4. The following formulas hold for the two pictures in Fig. 9:
−ps = qr + O(ε),
u = v + O(ε).
Fig. 9. Local positions of four ends with angles.
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Fig. 10. The first tree in Fig. 8 with angles.
By this lemma, we can reduce calculations of power series in the previous subsection
to far simpler calculations of symbols attached to angles of the tree. In fact, we can
immediately obtain (2.20)–(2.27) directly from the tree in Fig. 10 by applying Lemma 2.4
to the angles of the tree. Note that, though it is not clarified, say, whether x is equal to
a− − d− or b+ − d− in Fig. 10, we need not clarify it for the purpose of getting the
relations (2.20)–(2.27).
2.4. A reason why we can omit three relations
In [9] Thurston made a tunnel in a 3-manifold in order to show that the representation
space of its fundamental group into SL2(C) is one-dimensional. In this subsection, we
will use his method for the figure eight knot complement to show why we can omit three
relations. Note that we can apply this method to any knot complement.
In Section 2.2 we omitted the three relations (2.6), (2.7) and (2.11) from the eight
relations (2.6)–(2.13). We consider solutions a±, b±, c± and d± of the remaining five
relations. For each of the solution, we recover the matrices A, B, C and D by (B.1) such
that they have the same eigenvalues λ±1. We give a map ρ : {a, b, c, d} → SL2(C) by
putting ρ(a) = A, ρ(b) = B, ρ(c) = C and ρ(d) = D, though it is not trivial whether
ρ induces a representation of Γ , since the three relations were omitted above. In this
subsection, we will show that the map ρ induces a representation of Γ .
Before showing it, we will show that the above map ρ induces a representation of Γˇ ,
where we put Γˇ = pi1(S3 − Kˇ) for Kˇ which is a union of the figure eight knot and an
arc shown in Fig. 11. We take generators of Γˇ as shown in Fig. 11, and extend the map
ρ by putting
ρ(a′) = A′ = CBC−1, (2.28)
ρ(d′) = D′ = A−1CA. (2.29)
Eqs. (2.8) and (2.9) implies (2.3), from which we have
C = DBD−1. (2.30)
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Fig. 11. Generators of Γˇ .
Similarly, we get
A = BDB−1 (2.31)
from (2.12) and (2.13). By (2.28)–(2.31), it follows that the map ρ induces a represen-
tation of Γˇ .
Moreover we still have an unused relation (2.10), which impliesMA(d+) = c+. This
equation is equivalent to the relation d+ = d′+, where we define d′± be the fixed points of
MD′ corresponding to the eigenvalues λ±1. In slightly general, we will show Lemma 2.5
below. By this lemma we obtain A = A′ and D = D′, since we can see that none of the
conditions (ii)–(v) below hold in the first tree in Fig. 8; in fact, for example, we have
a− 6= d−, since the tree in Fig. 10 implies a− − d− 6= O(ε2).
Hence we have A = A′ and D = D′, which imply that the map ρ induces a represen-
tation of Γ . This is the reason why we can omit three relations.
Lemma 2.5. Let A, B, C, D, A′ and D′ in SL2(C) have the same two eigenvalues λ±1.
Let
(
a±
1
)
,
(a′±
1
)
,
(
d±
1
)
and
(d′±
1
)
be eigenvectors of A, A′, D and D′ corresponding to
the eigenvalues λ±1. Suppose that the following five conditions hold.
(1) A′ = CBC−1;
(2) D′ = A−1CA;
(3) C = DBD−1;
(4) A = BDB−1;
(5) Either a+ = a′+, a− = a′−, d+ = d′+ or d− = d′− holds.
Then, one of the following five conditions holds.
(i) A = A′ and D = D′;
(ii) a+ = a′+ = d+ = d′+;
(iii) a+ = a′+ = d− = d′−;
(iv) a− = a′− = d+ = d′+;
(v) a− = a′− = d− = d′−.
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Proof. By (1)–(4) we have a representation ρ : Γˇ → SL2(C) putting ρ(a′) = A′ and
ρ(d′) = D′. Then we have a relation A−1A′ = D′D−1 since we can see the relation
a−1a′ = d′d−1 in Fig. 11. By (5) and Lemma 2.6 below, we have traceA−1A′ =
traceD′D−1 = 2. Further, by Lemma 2.6, A−1A′ and D′D−1 have one common fixed
point (which implies (ii), (iii), (iv) or (v)), unless A = A′ and D = D′. This completes
the proof. 2
Lemma 2.6. Let A and A′ in SL2(C) have the same two eigenvalues λ±1. Let
(
a±
1
)
and
(a′±
1
)
be eigenvectors of A and A′ corresponding to the eigenvalues λ±1. Then, the
following two conditions are equivalent.
(1) traceA−1A′ = 2;
(2) a+ = a′+ or a− = a′−.
If A 6= A′ holds further, then Mo¨bius transformation of A−1A′ has a unique fixed point
which coincides with a+ = a′+ or a− = a′−.
Proof. By (B.1), we have
A′ =
λ
a′+ − a′−
(
a′+
1
)(
1 −a′−
)
+
λ−1
a′− − a′+
(
a′−
1
)(
1 −a′+
)
,
A−1 =
λ−1
a+ − a−
(
a+
1
)(
1 −a−
)
+
λ
a− − a+
(
a−
1
)(
1 −a+
)
.
Computing traceA′A−1, we obtain
(a+ − a−)(a′+ − a′−)(traceA′A−1 − 2) = (λ− λ−1)2(a+ − a′+)(a− − a′−).
We can see that (1) and (2) are equivalent, noting that a+ 6= a−, a′+ 6= a′− and λ 6= λ−1.
If A 6= A′ and the condition (1) holds, then A−1A′ becomes parabolic. Hence it has
one fixed point, which must be a+ = a′+ or a− = a′−, since a± and a′± are fixed points
of A and A′, respectively. 2
3. The ideal points of the 52 knot group
In this section, we determine the ideal points of the 52 knot group, using the method
studied in Sections 1 and 2.
3.1. Trees
We take generators of the 52 knot group Γ as shown in Fig. 12.
By Lemma 4.3, we have no ideal point at which | trace ρ(m)| diverges. Hence, we may
consider only ideal points at which | trace ρ(m)| diverges. We consider representations
ρ :Γ → SL2(C), such that the inequality |λ| > 1 holds where λ±1 are eigenvalues of
ρ(m). Then, A = ρ(a) has two eigenvectors
(
a±
1
)
corresponding to eigenvalues λ±1. We
define B, C, D, E, b±, c±, d± and e± similarly. Since, by the defining relations of Γ ,
we have
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Fig. 12. Generators of the 52 knot group.
Fig. 13. Local mutual positions of the ten ends.
MB(a±) = c±, MA(c±) = e±, MD(e±) = b±,
MC(b±) = d±, ME(d±) = a±,
these ends satisfy mutual positions as shown in Fig. 13.
Then, we have the following lemma, whose proof is left to the reader.
Lemma 3.1. The total mutual positions satisfying the local mutual positions depicted in
Fig. 13 must be as shown in Fig. 14.
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Fig. 14. There are three cases of possible total positions of the ten ends.
3.2. Ideal points
We will show the existence of an ideal point which realizes the second tree in Fig. 14,
see also Fig. 15. We put c+ = 1, b+ = 0 and b− = −1. As in Section 2.3, we attach
symbols x, y, z, u, v, w and t to each branch point of the tree as shown in Fig. 15. By
Lemma 2.4, we have the following formulas.
y = 2 + O(ε), (u = z + O(ε)),
x = 2 + O(ε), 2z = 1 + O(ε),
2v = 1 + O(ε), t = 2 + O(ε),
u = v + O(ε), w = 2 + O(ε),
(x = 2 + O(ε)), (t = 2 + O(ε)).
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Fig. 15. The second tree in Fig. 14 with angles.
As in Section 2.4, we omit the three formulas written in parentheses and make the
Jacobian matrix at ε = 0 as in Section 2.2. We can check that its determinant is non-
zero; we can roughly see it by checking that we easily obtain a unique set of solutions
x, y, z, u, v, w and t of the above remaining seven relations at ε = 0. It follows that
there exists exactly one ideal point which realizes the second tree in Fig. 14. Further we
obtain φK,ξ(p, q) = |p− 4q| for the ideal point ξ, since
cba−1edcb−1de−1a = m4l
takes the origin to itself, as in Section 2.2.
In the same way, we can also show that there exists exactly one ideal point for each of
the first and third trees in Fig. 14 and that φK,ξ(p, q) = |p− 10q|, |p| holds, respectively.
Hence we obtain the following theorem.
Theorem 3.2. The 52 knot group has exactly three ideal points and we have
ΦK(p, q) = |p|+ |p− 4q|+ |p− 10q|
for the 52 knot K.
By Proposition 5.3, we have
Corollary 3.3. The 52 knot has property P.
4. Ideal points at which | trace ρ(m)| does not diverge
In Sections 1–3, we used the following three lemmas.
Lemma 4.1. There is no ideal point of the trefoil knot group at which | trace ρ(m)| does
not diverge.
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Lemma 4.2. There is no ideal point of the figure eight knot group at which | trace ρ(m)|
does not diverge.
Lemma 4.3. There is no ideal point of the 52 knot group at which | trace ρ(m)| does not
diverge.
Since the three lemmas are shown in the same way, we give a proof only for
Lemma 4.1.
Proof of Lemma 4.1. Let Γ be the trefoil knot group. Recall that R denotes the set of
irreducible representations of Γ into SL2(C) and X denotes the set of conjugacy classes
of such representations.
Suppose that there existed an ideal point at which | trace ρ(m)| does not diverge, where
m is a meridian in Γ . Let δ ∈ U − {0} be a local algebraic coordinate around the ideal
point, where U is small neighborhood of 0 in C embedded in X . Taking a local section of
the projection R → X in U − {0}, we obtain a family of representations parameterized
by δ, which induces a representation ρ :Γ → SL2(C((δ))).
There are the following two cases.
Case 1. ρ(m) is parabolic, that is, it has eigenvalues±1 and it is not the identity matrix.
In this case, Mo¨bius transformation of ρ(m) has one fixed point in C((δ)) ∪ {∞}; we
denote it by m∞; recall that m is a meridian and we will put m to be a, b or c, which
are generators of Γ shown in Fig. 1. We consider the action of Mo¨bius transformation of
ρ(m) on C((δ))∪{∞}, which is the set of Serre’s tree Tδ. Recall that the action induces
an action of ρ(m) on the whole of Tδ. In order to see the action, we put m∞ to be ∞.
Then, we can put
ρ(m) =
(
1 f0
0 1
)
with some f0 ∈ C((δ)) and its action on Serre’s tree Tδ takes an end f ∈ C((δ))∪ {∞}
to f + f0. In general, by taking coordinate change (which sends∞ to m∞) of the above
action, the action of ρ(m) on Serre’s tree Tδ is as shown in Fig. 16.
We have three generators a, b and c of Γ shown in Fig. 1. We put A = ρ(a), B = ρ(b)
and C = ρ(c). Since A, B and C are parabolic,MA,MB andMC have the fixed ends
a∞, b∞ and c∞ in C((δ))∪{∞}. Moreover, by the defining relations of the knot group,
Mo¨bius transformationsMA, MB and MC take their fixed ends a∞, b∞ and c∞ as
MB(a∞) = c∞, MA(c∞) = b∞, MC(b∞) = a∞.
Noting that the actionsMA,MB andMC are as shown in Fig. 16, we have the mutual
position of these ends must be as shown in Fig. 17. Then, the whole group Γ fixes the
central vertex in Fig. 17. Hence, by Lemma 4.4 below, the representation ρ does not give
an ideal point, completing this case.
Case 2. ρ(m) is hyperbolic, that is, it has two different eigenvalues in C((δ)). In this
case, Mo¨bius transformation of ρ(m) has two fixed ends m± in C((δ))∪{∞}. Let λ be
one of eigenvalues of ρ(m), and let n be an integer satisfying λ− 1 ∈ O(δn), /∈ o(δn).
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Fig. 16. Action of a parabolic ρ(m) on Serre’s tree. The action fixes a neighborhood of m∞.
Fig. 17. Total mutual position of the three ends.
Since | trace ρ(m)| does not diverge, we have n > 0. In this case the action of ρ(m) is
as shown in Fig. 18; we can see it with concrete calculations by putting, say, m+ =∞
and m− = 0.
Recall that Mo¨bius transformations of A, B and C take their fixed ends a±, b± and
c± as
MB(a±) = c±, MA(c±) = b±, MC(b±) = a±.
Hence the mutual position of these ends must be as shown in Fig. 19. Therefore, the
whole group Γ fixes the central vertex in this figure. Hence, by Lemma 4.4 below the
representation ρ does not give an ideal point. 2
Let Tδ be Serre’s tree. We have an action of SL2(C((δ))) on Tδ such that an element of
SL2(C((δ))) acts on the set of the ends C((δ))∪{∞} by Mo¨bius transformation. When
we have a family of representations ρδ :Γ → SL2(C) parameterized by an algebraic
small variable δ ∈ U − {0}, we have a representation ρ :Γ → SL2(C((δ))). Through
this representation, we have an action of Γ on Serre’s tree Tδ.
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Fig. 18. Action of a hyperbolic ρ(m) on Serre’s tree. Each vertical segment is of length n.
Fig. 19. Total mutual position of the six ends.
We also give another simple proof of the following lemma in Appendix E, using the
original definition of Serre’s tree.
Lemma 4.4. Let Tδ be Serre’s tree, on which a group Γ acts as above. If the action has
a fixed point in Tδ, then, after taking conjugate if necessary, the family of representations
ρδ for δ ∈ U − {0} extends to a family on the whole of U , i.e., the family does not give
an ideal point.
Proof. By taking conjugate if necessary, we can assume that the fixed point is the origin
of Serre’s tree. For an element γ ∈ Γ , we put X = ρ(γ) ∈ SL2(C((δ))). Since there
really exist representations for δ 6= 0, it is sufficient to show that the entries of X do not
have a pole at δ = 0, i.e., X ∈ SL2(C[[δ]]).
We identify the set of vertices of Tδ which are connected to the origin by an edge
with the set C ∪ {∞}; recall Definition 1.3 for the definition of vertices. Since the
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action of X fixes the origin, X acts on C ∪ {∞}. Hence, for generic α ∈ C, we can
put
MX(α) = α′ + O(δ)
with some α′ ∈ C, and α′ runs over almost everywhere in C depending on generic
α ∈ C.
We put
X =
(
a1ε
n1 + o(εn1) a2ε
n2 + o(εn2)
a3ε
n3 + o(εn3) a4ε
n4 + o(εn4)
)
with ni ∈ Z and nonzero ai ∈ C. We consider cases with respect to inequalities between
n1 and n2, and between n3 and n4.
Suppose that both n1 < n2 and n3 < n4 held. Then, we have
MX(α) = a1αε
n1 + o(εn1)
a3αεn3 + o(εn3)
=
a1
a3
εn1−n3 + o(εn1−n3).
This contradicts to the range of the above α′.
Suppose that both n1 = n2 and n3 = n4 hold. Then, we have
MX(α) = a1αε
n1 + a2ε
n2 + o(εn1)
a3αεn3 + a4εn4 + o(εn3)
=
a1α+ a2
a3α+ a4
εn1−n3 + o(εn1−n3).
Since the above α′ runs over almost everywhere in C, we have n1 = n3 and a1a4−a2a3 6=
0. Hence, since the determinant of X is equal to 1, we have n1 = 0. This implies that
X ∈ SL2(C[[δ]]), completing this case.
For the other cases, we also obtain contradiction or X ∈ SL2(C[[δ]]) in the same
way. 2
As a corollary of the above argument, we have
Lemma 4.5. Let m and l be meridian and longitude in Γ . If the action of mplq has a
fixed point in Serre’s tree, then φK,ξ(p, q) = 0 holds.
Proof. By the above proof of Lemma 4.4, the matrix ρ(mplq) belongs to SL2(C[[δ]]).
Hence, trace ρ(mplq) does not have a pole at δ = 0. By the definition of φK,ξ , we have
the required formula. 2
5. Ideal points of other knot groups
In this section, we give ideal points of other knot groups without proofs. We can obtain
them by the method studied in Sections 1–3. The detailed proofs are left to the readers.
5.1. (5, 2) torus knot
We take generators of (5, 2) torus knot group as shown in Fig. 20. We have ideal
points represented by the tree in Fig. 21 for ζ = exp(2pi
√−1/5) and exp(4pi√−1/5).
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Fig. 20. Generators of (5, 2) torus knot group.
Fig. 21. The tree for ideal points of (5, 2) torus knot.
Note that we have two trees which are the same as an abstract tree though the angles
are different, where we use the word “angle” in the meaning in Section 2.3. Hence, we
have exactly two ideal points of (5, 2) torus knot group.
5.2. (α, β) torus knot
Similarly as above, we have only one tree shown in Fig. 22 for the ideal points of
(α, β) torus knot group Γ . The angle of adjacent two edges around the vertex O1 is
expressed as exp(2pi
√−1n/α) for n = 1, 2, . . . , α − 1. Similarly, we have the angle at
O2 as exp(2pi
√−1m/β) for m = 1, 2, . . . , β− 1. Since (n,m) and (α−n, β−m) give
the same tree (these are conjugate by pi rotation around an axis O1O2), the number of
ideal points is (α− 1)(β − 1)/2.
Though the above arguments are rough, one can obtain a detailed proof by putting the
origin of Serre’s tree to be the middle point of O1 and O2.
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Fig. 22. The tree for ideal points of (α, β) torus knot. This picture is depicted for (α, β) = (5, 4).
5.3. (α, β) two-bridge knot
The ideal points of (α, β) two-bridge knot group are completely determined in [7] for
each (α, β), by classifying the shapes of the trees which give the ideal points. They are
classified using continued fraction expansions of β/α. It is interesting to recall that the
incompressible surfaces in (α, β) two-bridge knot complement are also classified using
the continued fraction expansions in [6]. In general, incompressible surfaces and trees
are related such that we can obtain an incompressible surface from a tree on which the
fundamental group acts in a suitable way, see [5].
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Appendix A. Formal power series
With an example in this appendix, we illustrate the argument of getting solutions as
convergent power series by checking the determinant of Jacobian matrix in Section 1.2.
Let ε be an indeterminate. Recall that C[[ε]] denotes the formal power series ring in ε
with complex coefficients.
Example A. 1. The following two equations have just four solutions in C[[ε]].{
x2 + y = 2 + ε,
x+ y2 = 2 + 2ε,
x, y ∈ C[[ε]]. (A.1)
Proof. We put
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x= x0 + x1ε+ x2ε
2 + · · · ,
y= y0 + y1ε+ y2ε
2 + · · ·
with xi, yi ∈ C. Substitute them in Eq. (A.1) and compare the coefficients of ε0. Then,
we have the following equations.{
x20 + y0 = 2,
x0 + y
2
0 = 2.
These equations have the following four solutions;
(x0, y0) = (1, 1), (−2,−2), ( 12 (1±
√
5), 12 (1∓
√
5)).
If we choose (x0, y0) = (1, 1), then we can obtain series {xi} and {yi} recursively by{
2x1 + y1 = 1,
x1 + 2y1 = 2,{
2x2 + y2 = −x21,
x2 + 2y2 = −y21,
.
.
.
and, in general, the two values of 2xn+ yn and xn+ 2yn are uniquely determined by xi
and yi (0 6 i 6 n− 1). Hence we have the unique solution (x, y) for (x0, y0) = (1, 1).
Since the same argument holds for each of the other three solutions (x0, y0), we have
just four solutions (x, y) in C[[ε]]. 2
Note that the reason why the series {xi} and {yi} are uniquely determined for
(x0, y0) = (1, 1) depends on the fact that the determinant of the matrix(
2 1
1 2
)
(A.2)
does not vanish. We can generalize this argument to the following remark; in fact, the
matrix (A.2) is the matrix (A.3) at (x, y, ε) = (1, 1, 0).
Remark A.2. The solutions of (A.1) are convergent series.
Proof. Put{
f = x2 + y − 2− ε,
g = x+ y2 − 2− 2ε,
then Jacobian
det

∂f
∂x
∂f
∂y
∂g
∂x
∂g
∂y
 (A.3)
does not vanish at
(x, y, ε) = (1, 1, 0), (−2,−2, 0), ( 12 (1±
√
5), 12 (1∓
√
5), 0).
Hence, by the implicit function theorem, the solutions (x, y) of f = g = 0 are functions
of ε, i.e., they are convergent power series in ε. 2
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Appendix B. Mo¨bius transformations
In this appendix, we review the definition of Mo¨bius transformation, and show some
results on it.
Let X =
(
a b
c d
)
be an element in SL2(C), which has eigenvalues λ±1. We assume
that |λ| > 1; in particular, the matrix X has two different eigenvalues. (We put this
assumption only for the purpose that we identify the signs of x± below. Note that we
will take λ to infinity when seeking ideal points.) Mo¨bius transformation MX of the
element X acts on C ∪ {∞}, which takes z to MX(z) = (az + b)/(cz + d). Since X
has two different eigenvalues, MX has two fixed points in C ∪ {∞}, which we put to
be x±. For simplicity we assume that x± are in C. Then, we have
Lemma B.1. The matrix X has two different eigenvectors (x±1 ).
Proof. The claim immediately follows form the identification of C ∪ {∞} with P 1(C)
which maps z to
(
z
1
)
. 2
By this lemma, we identify the signs in the power in λ±1 and the signs in the subscript
in x±.
Note that, when we give x±, the matrix X can be recovered as follows;
X =
λ
x+ − x−
(
x+
1
)(
1 −x−
)
+
λ−1
x− − x+
(
x−
1
)(
1 −x+
)
. (B.1)
We can show this formula, by checking that the matrix X given in the formula satisfies
the above lemma.
Appendix C. Equivalent conditions of conjugacy in SL2(C)
We give equivalent conditions of conjugacy in SL2(C) in this appendix. Since a typical
relation of a knot group Γ is c = bab−1 for three meridians a, b and c in Γ , it is useful
to study such conditions for the purpose of calculating representations of Γ into SL2(C).
Let A, B and C be elements in SL2(C) which have common two eigenvalues λ±1.
Under the assumption |λ| > 1, we put fixed points of MA, MB and MC to be a±, b±
and c±, respectively, as in Section B. Then, we have
Lemma C.1. The following three conditions are equivalent.
(1) C = BAB−1.
(2) MB(a±) = c±.
(3) (a± − b−)(c± − b+) = λ−2(a± − b+)(c± − b−).
Proof. The condition that A is conjugate to C by B implies the condition that B takes
the fixed points of MA to that of MC , since a matrix is determined by its eigenvalues
and fixed points by (B.1). Hence (1) and (2) are equivalent.
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We show that (2) and (3) are equivalent as follows. By applying (B.1) to the matrix
B, we have
B
(
a±
1
)
=
1
b+ − b−
(
λb+(a± − b−)− λ−1b−(a± − b+)
λ(a± − b−)− λ−1(a± − b+)
)
.
The condition (2) is equivalent to the condition that B(a±1 ) and (c±1 ) are linearly de-
pendent. It is equivalent to the condition that the determinant of the following matrix
vanishes.(
λb+(a± − b−)− λ−1b−(a± − b+) c±
λ(a± − b−)− λ−1(a± − b+) 1
)
It follows that this is equivalent to the condition (3). 2
Makoto Sakuma suggested that the condition (1) should be replaced with a condition
involving the cross ratio. Now the condition (3) implies that the cross ratio of a±, c±,
b+ and b− is equal to λ−2. Hence, the formula in (3) is a reasonable alternative to (1).
Appendix D. The function ΦK
We review the definition of the function ΦK and some related results, see also [3].
Let m and l be meridian and longitude in Γ , respectively. We define a function
Ip,q :X → C which takes a conjugacy class of a representation ρ to trace ρ(mplq).
Further, under the assumption that X is one-dimensional, we define a function ΦK :Z×
Z→ Z>0 by ΦK(p, q) = degree Ip,q . Furthermore, we define φK,ξ(p, q) to be the order
of pole of Ip,q at an ideal point ξ. Then, we have
ΦK(p, q) =
∑
ξ
φK,ξ(p, q), (D.1)
where the sum runs over all ideal points ξ. Moreover, we have the following lemma,
see [5].
Lemma D.1. Each φK,ξ(p, q) is of the form |αp+ βq| with some integers α and β.
The following proposition is shown using results in [3].
Proposition D.2. If ΦK(1,±1) > ΦK(1, 0) and φK,ξ(1,±1) 6= 0 hold for each sign and
each ideal point ξ, then K has property P.
Proof. For a point x in X , we denote by Zx(Ip,q) the order of zero of Ip,q at x. By the
assumption ΦK(1,±1) > ΦK(1, 0), there exists a point x satisfyingZx(I1,±1) > Zx(I1,0)
for each sign, since the number of inverse image of zero by I1,±1 with multiplicity is
greater than the number for I1,0.
Further, by the assumption φK,ξ(1,±1) 6= 0, the point x is not an ideal point. Because,
if it was an ideal point, then the function I1,±1 has zero at the ideal point. On the other
hand, the formula φK,ξ(1,±1) 6= 0 implies that I1,±1 has a pole. This is a contradiction.
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Hence by Proposition 1.5.2 in [3], the 3-manifold obtained by Dehn surgery along
K with the slope (1,±1) cannot be simply connected for each sign. Therefore, by
Corollary 2 in [3], K has property P. 2
Appendix E. Serre’s tree
In the text of this paper, we did not use the original definition of Serre’s tree in
[8], to see concrete procedure of constructing ideal points, not using purely algebraic
arguments. In this appendix, we review the original definition of Serre’s tree, and show
the equivalence of the original definition and our definition. Further, we give a simple
proof of Lemma 4.4 using the original definition.
We put F = C((ε)) and O = C[[ε]] for an indeterminate ε.
Definition E.1 (the original definition of Serre’s tree). We define a tree T̂ε by the fol-
lowing two conditions.
(1) We define the set of vertices of T̂ε to be the set of equivalence classes of rank 2
O-submodule in F ⊕ F where two modules L and L′ are equivalent if L′ = fL
with some f ∈ F − {0}.
(2) Two vertices Λ and Λ′ are joined by an edge in T̂ε if and only if there exist
O-submodules L and L′ representing Λ and Λ′ such that L ⊂ L′ and L′/L is
isomorphic to C.
It is shown that this construction makes a tree, see [8].
Lemma E.2. The tree Tε given in Definition 1.3 coincides with the tree T̂ε given above.
Proof. Recall that the tree Tε is defined by the four conditions in Definition 1.3. We
show that T̂ε satisfies the four conditions as follows.
Firstly, we put the equivalence class including O ⊕ O in F ⊕ F to be the origin O
in T̂e.
Secondly, we show that the set of the ends of T̂ε can be identified with F ∪ {∞} as
follows.
Let Ln be the set of vertices whose distance from the origin is equal to n. We give
a bijection of Ln to P 1(O/(εn)) which is the set of direct summands in O/(εn) ⊕
O/(εn). Let Λ be an element in Ln. We can choose a module L representing Λ such that
(O ⊕ O)/L is isomorphic to O/(εn). The image of L by the projection ψ :O ⊕ O →
O/(εn) ⊕ O/(εn) is an element in P 1(O/(εn)). Conversely, for a given element in
P 1(O/(εn)), we can obtain a vertex in Ln by pulling back the element by ψ.
The path from a vertex in Ln to the origin O is given by the series of natural maps
{O} ← P 1(O/(ε))← P 1(O/(ε1))← · · · ← P 1(O/(εn)).
Hence the set of the ends is given by the direct limit
lim←− P
1(O/(εn)) = P 1(O) = P 1(F ).
Further, we identify the set P 1(F ) with F ∪ {∞}.
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Thirdly, the tree T̂ε also satisfies the conditions (3) and (4) by the construction of the
above series of maps. 2
Using the above original definition of Serre’s tree, we can prove Lemma 4.4 more
easily. Note that we have the action of SL2(F ) on Tε induced by the natural action of
SL2(F ) on F ⊕ F .
Proof of Lemma 4.4. Taking conjugate of ρ in SL2(F ), we can put the fixed point of
Γ to be the origin O.
Recall that the origin is the equivalence class including the standard O-submodule
O ⊕O in F ⊕ F . Suppose that an element X ∈ SL2(F ) fixes the origin, then X takes
O⊕O to f ·(O⊕O) with some f ∈ F−{0}. Since the determinant of X is 1, the module
f · (O ⊕O) is equal to O ⊕O. Hence, X fixes O ⊕O, which implies X ∈ SL2(O).
Since Γ fixes the origin, the image of Γ by ρ is in SL2(O). Hence ρ does not give
an ideal point. 2
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